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Abstract. Macedo and Guedes showed recently how to solve a system of coupled harmonic oscillators with time dependent
parameters [ J. Math. Phys. 53, 052101 (2012)]. We show here that the way in which they get rid of the time dependent masses is
incorrect and some terms lack in the transformed Hamiltonian. We also show a correct way of eliminating from the Hamiltonian
the time dependent masses.
Macedo and Guedes [1] have studied the interaction of two coupled time dependent oscillators [1] and have
used a time dependent transformation that takes the two different time dependent masses of the single oscillators to an
effective single time dependent mass. We show here that what they do is wrong and show a correct form of eliminating
the masses.
First, consider the Hamiltonian for a single time dependent harmonic oscillator [2, 3, 4]
H =
P2
2M(t)
+
M(t)X2
2
, (1)
with constant frequency equal to one. Following Macedo and Guedes [1, 5] we could do x = M(t)X and p = 1
M(t)
P,
such that we would obtain a Hamiltonian that looks time independent
H =
p2
2
+
x2
2
, (2)
but is time dependent since the new position and momentum operators are explicitly time dependent. In fact, elimi-
nating the time dependent mass is not a an simple task, as we show here for the case of two coupled time dependent
oscillators Hamiltonian.
Given the Hamiltonian [1, 5]
H(t) =
p2
1x
2m1(t)
+
p2
2x
2m2(t)
+
m1(t)ω
2
1
(t)x2
1
2
+
m2(t)ω
2
2
(t)x2
2
2
+
k(t)(x2 − x1)2
2
, (3)
and the equation
i
∂|ψ(t)〉
∂t
= H(t)|ψ(t)〉 (4)
by doing the squeezing [6, 7, 8] unitary transformation Tu|ψ(t)〉 = |φ(t)〉, with
Tu = e
i
u1(t)
2
(x1p1x+p1xx1)ei
u2(t)
2
(x2p2x+p2xx2) (5)
that produces
Tux1T
†
u = x1e
u1(t), Tux2T
†
u = x2e
u2(t) (6)
Tup1xT
†
u = p1xe
−u1(t), Tup2xT †u = p2xe
−u2(t), (7)
we obtain
i
∂T
†
u
∂t
|φ(t)〉 + iT †u
∂|φ(t)〉
∂t
= H(t)T †u |φ(t)〉. (8)
with
∂T
†
u
∂t
= −iT †u [
u˙1
2
(x1p1x + p1xx1) +
u˙2
2
(x2p2x + p2xx2)], (9)
that, by substituting in the equation above and multiplying by Tu by the left gives
i
∂|φ(t)〉
∂t
+ [
u˙1
2
(x1p1x + p1xx1) +
u˙2
2
(x2p2x + p2xx2)]|φ(t)〉 = TuH(t)T †u |φ(t)〉. (10)
or
i
∂|φ(t)〉
∂t
= H˜(t)|φ(t)〉. (11)
with
H˜(t) = − u˙1
2
(x1p1x + p1xx1) −
u˙2
2
(x2p2x + p2xx2) (12)
+
p2
1x
e−2u1(t)
2m1(t)
+
p2
2x
e−2u2(t)
2m2(t)
+
m1(t)ω
2
1
(t)x2
1
e2u1(t)
2
+
m2(t)ω
2
2
(t)x2
2
e2u2(t)
2
+
k(t)(x2e
u2(t) − x1eu1(t))2
2
.
With the choice u j = ln
√
m(t)
m j(t)
we obtain the first part of the Hamiltonian (6) in Macedo and Guedes. However,
note that the first term on the r.h.s. of equation (10) is lacking in their equation (6). The parameter m(t) is an arbitrary
function of time that we could set asm(t) =
√
m1(t)m2(t) to obtain a result more similar to the one obtained by Macedo
and Guedes. Here we prefer to set it to one, i.e., u j = − 12 lnm j, then we get
H˜(t) = − u˙1
2
(x1p1x + p1xx1) −
u˙2
2
(x2p2x + p2xx2) (13)
+
p2
1x
2
+
p2
2x
2
+
ω2
1
(t)x2
1
2
+
ω2
2
(t)x2
2
2
+
k(t)(x2e
u2(t) − x1eu1(t))2
2
,
that may be rewritten to give
H˜(t) =
(p1x − u˙12 x1)2
2
+
(p2x − u˙22 x2)2
2
+
(ω2
1
− u˙
2
1
4
)x2
1
2
+
(ω2
2
− u˙
2
2
4
)x2
2
2
+
k(t)(x2e
u2 − x1eu1)2
2
. (14)
By doing the transformation R|φ(t)〉 = |ξ(t)〉, with R = exp{−i( u˙1
4
x2
1
+
u˙2
4
x2
2
)} and, inserting it into equation (11), we
obtain
i
∂(R†|ξ(t)〉)
∂t
= H˜(t)R†|ξ(t)〉, (15)
that is rewritten as
i
∂|ξ(t)〉
∂t
=
[
u¨1
4
x21 +
u¨2
4
x22 + RH˜(t)R
†
]
|ξ(t)〉, (16)
that finally yields
i
∂|ξ(t)〉
∂t
=
1
2
p21x + p22x + (ω21 −
u˙2
1
− 2u¨1
4
)x21 + (ω
2
2 −
u˙2
2
− 2u¨2
4
)x22 + k(t)(x2e
u2 − x1eu1)2
 |ξ(t)〉. (17)
In Ref. [9] it has been shown how this equation may be solved for time dependent arbitrary parameters.
In conclusion, we have shown how to eliminate the time dependentmasses from the two coupled, time dependent,
harmonic oscillators Hamiltonian.
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